We present analytic, high-beta (β ∼ O(1)), helical equilibrium solutions for a class of helical axis configurations having large helical aspect ratio, with the helix assumed to be tightly wound. The solutions develop a narrow boundary layer of strongly compressed flux, similar to that previously found in high beta tokamak equilibrium solutions. The boundary layer is associated with a strong localized current which prevents the equilibrium from having zero net current.
I. INTRODUCTION
Helically symmetric MHD equilibria represent the large aspect ratio limit of stellarator equilibria, and they have been extensively used to study the physics of large aspect ratio stellarator configurations. (See e.g. Refs. 1-7 and references cited therein.) Recent analytical studies of the helical equilibrium equations in the context of astrophysical problems have focused on finding exact solutions for special pressure and current profiles that linearize the equilibrium equation. 8, 9 In this paper we use an asymptotic matching technique to obtain analytic solutions for a class of high β helical equilibria, valid for a broad class of pressure and current profiles. Of particular interest is the value of the net current in the equilibrium solutions.
The asymptotic matching technique applied here is an extension of that developed by Cowley et al for high β, large aspect ratio, axisymmetric equilibria.
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A new piece of physics that appears in non-axisymmetric equilibria is the generation of rotational transform (finite ι = 1/q) by the non-axisymmetric flux surface geometry even in the absence of a current.
This allows conventional stellarator equilibria to have zero net current in each flux surface (the steady state solution in the absence of a bootstrap current and externally driven current), while axisymmetric equilibria cannot have zero net current. As we will discuss below, for the class of equilibria we have studied, the high beta equilibrium solutions develop a narrow boundary layer of strongly compressed flux, similar to that previously found in high β tokamak equilibrium solutions. The boundary layer is associated with a strong localized current which prevents the equilibrium from having zero net current.
In this paper we specialize to helical axis configurations having a large helical excursion.
To further simplify the calculation, the helix is assumed to be tightly wound. (In the limit that the winding becomes infinitely tight, we recover the solution to the axisymmetric GradShafranov equation.) These assumptions will be stated more precisely in the next section.
We study fixed boundary equilibria, with the boundary shape assumed to be circular. The generalization to a non-circular boundary is straightforward using the method of Ref. 10 .
It should be noted that the free-boundary solution can be expected to introduce additional constraints on realizable equilibria.
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Section II develops the helical Grad-Shafranov equation in dimensionless form and introduces our ordering. Section III presents an analytic solution of the helical Grad-Shafranov equation for β = O(1) and q h = O (1) , where q h is defined in Section II. The net current is shown to be non-vanishing, with the current localized primarily in the boundary layer. Section IV considers other possible orderings, further investigating the conditions under which a boundary layer forms and the implications for the existence of equilibrium solutions with zero net current.
II. HELICAL GRAD-SHAFRANOV EQUATION AND ORDERING
Consider a helical plasma with helical excursion r 0 and minor radius a in a cylindrical coordinate system r, θ, z as shown in Figure 1 . The plasma is helically symmetric if physical quantities are functions only of r and u ≡ mθ−kz for some fixed m and k. m = 0 corresponds to the special case of axisymmetry. We will focus primarily on the m = 1 helical system in this paper, but will retain m throughout the analysis to facilitate comparison with the axisymmetric case. The helical plasma is periodic in the z direction with wavelength 2π/k and consists of N periods. The vectors u and h are defined as
The divergence-free magnetic field can be written
where ψ = ψ(r, u) is the helical stream function and B h ≡ mB z +krB θ is the helical magnetic field. Ampere's law µ 0 J = ∇ × B gives
where
The force balance equation is ∇p = J × B. From B · ∇p = 0 we find p = p(ψ). From J · ∇p = 0 we find B h = B h (ψ). Substituting B and J into the force balance equation gives the helical Grad-Shafranov equation
The standard derivation of the axisymmetric Grad-Shafranov equation can be recovered by setting m = 0 in Eqs. 1-6, with h →θ/kr and B h → krB θ . It follows from Eq. 4 that in axisymmetry the net current is determined entirely by L(ψ). The net current for a nontrivial axisymmetric equilibrium cannot be set to zero. For non-axisymmetric equilibria the net current is also influenced by the value of B h (ψ), allowing the net current to be set to zero on each flux surface in conventional stellarator equilibria. A key issue investigated in this paper is the impact of the B h component of the current at high β, focusing particularly on the conditions under which it is possible to obtain zero net current at high β.
The helical Grad-Shafranov equation requires that the pressure profile p(ψ) and the helical field profile B h (ψ) be specified. Rather than specify B h (ψ) directly, we will specify the helical safety factor profile q h (ψ) and relate q h (ψ) to B h (ψ). The toroidal flux is defined
where the integral is taken over the volume of one period. The helical flux is defined as
where the integral is taken over a ribbon of constant u that extends from the magnetic axis r(ψ max ) to the flux surface r(ψ) and twists with the magnetic axis. The helical safety factor is defined as
The toroidal flux derivative Φ T (ψ) can be expressed as
The differential volume element is
In the axisymmetric limit, the helical flux reduces to the poloidal flux and the helical safety factor reduces to the conventional safety factor. The corresponding large aspect ratio stellarator has a rotational transform
It is convenient to work with dimensionless variables. The dimensionless radial variable
x is defined such that
where ≡ a/r 0 is the inverse helical aspect ratio and −1 ≤ x ≤ 1. (Note that is not the inverse aspect ratio of the corresponding large aspect ratio stellarator.) We consider configurations for which 1, using as an expansion parameter in subsequent analysis.
The winding parameter is κ ≡ ka. The plasma column cannot overlap itself and this imposes the geometric constraint κ ≤ π for non-axisymmetric equilibria. We specialize further to configurations for which the helix is tightly wound, κ , such that κ = O(1). ψ is normalized as
such that 0 ≤ Ψ ≤ 1. The boundary conditions are Ψ = 1 at the magnetic axis and Ψ = 0 at the circular wall. Similarly, p(ψ) and B h (ψ) are normalized as
such that 0 ≤ P, B ≤ O (1) . With these dimensionless variables, the helical Grad-Shafranov equation is
Scalings relating ψ max , p max , and B max are now needed.
Combining Eqs. 11-13 and utilizing dimensionless variables gives 
With the scalings of Eqs. 21 and 23, the helical Grad-Shafranov equation is now
III. ANALYTIC SOLUTION OF THE HELICAL GRAD-SHAFRANOV EQUA-
In this section we use an asymptotic matching technique introduced by Cowley et al 
where 
where C is a constant of integration. The O( ) equation gives
and therefore Ψ 0 = Ψ 0 (x). In fact, all Ψ n are independent of u. This functional form can satisfy the boundary condition Ψ = 1 on the magnetic axis, but not the boundary condition Ψ = 0 on the circular wall. A boundary layer is needed to satisfy the wall boundary condition. The boundary layer is located at the wall, so the outer solution is physically located in the core away from the wall. Now use Eq. 22 to find Ψ 0 (x). With derivatives of Ψ large in the boundary layer and Ψ 0 independent of u in the core, Eq. 22 gives
where we used u max/min = ±κ √ 1 − x 2 and Eq. 27. See Figures 1 and 2 in Ref. 10 .
Integration with respect to x from −1 to x gives
The constants C and D will be determined by boundary layer properties. Given P (Ψ) and q h (Ψ), Eq. 31 provides an implicit relation between Ψ 0 and x valid only in the core region.
B. Boundary Layer Solution
In the boundary layer, derivatives of Ψ are large. With this in mind, the helical GradShafranov equation can be written
To simplify the analysis, we take the plasma boundary to be circular in planes of constant θ. (The solution can be extended to boundaries of arbitrary shape using the method of Ref.
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.) The geometry suggests analysis in a polar coordinate system ρ, ζ where x = ρ cos ζ and u = κρ sin ζ. The derivatives transform accordingly,
Transforming to polar coordinates, the helical Grad-Shafranov equation becomes
To match the core solution and also match the boundary condition at ρ = 1, the left hand side must be O( ). This is achieved with a boundary layer width δ = O(
). Define the boundary layer variable t such that
Now expand Ψ and G in powers of 
where x(Ψ 0 ) comes from Eq. 31. Multiply Eq. 37 by ∂Ψ 0 ∂t and integrate to get 1 2
where Ψ core (cos ζ) is the core solution given by Eq. 31. Further integration of Eq. 38 gives
Eq. 39 can be inverted to give the boundary layer solution, Ψ 0 (ρ, ζ) with
We can now determine the constants C and D in Eq. 31. The boundary layer width goes to zero at x = −1, so it follows that D = 0. The boundary condition Ψ 0 = 1 at the magnetic axis,
which determines C.
C. Net Current
We evaluate the current within a flux surface using Ampere's law and a contour in the θ = const plane,
where x = rr + zẑ. In the core region, the integrand can be evaluated to give
For the boundary layer region, transform to the polar coordinates ρ, ζ to get
With
so the boundary layer contribution to Eq. 41 dominates the core contribution. The normalized current within a flux surface can be written using Eq. 38 to give
where the integral is taken over the boundary layer portion of the flux surface. The normalized net current is given by the current within the outermost flux surface,
The net current is finite, with an O(
) normalized value.
If we assume P (Ψ) = P Ψ and q h (Ψ) = q 0 , then we can explicitly evaluate Eq. 31 to recover Ψ 0 (x) in the core region.
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That is, we can solve the equation
for Ψ 0 (x) where
To determine C, use the boundary condition Ψ 0 = 1 at
) to get
Now Eq. 48 can be evaluated to give
This is Ψ 0 (x) in the core region assuming P (Ψ) = P Ψ and q h (Ψ) = q 0 . It in turn determines Ψ 0 (ρ, ζ) in the boundary layer through Eqs. 38 and 39, given the inversion of Ψ 0 (x) to determine x(Ψ 0 ).
IV. ALTERNATIVE ORDERINGS ASSOCIATED WITH A BOUNDARY LAYER
We further investigate the conditions under which a boundary layer forms, and the implications for the existence of equilibrium solutions with zero net current. In order to obtain zero net current for a nontrivial equilibrium, the leading order contributions to the current due to B h and ψ must cancel. We have seen that this cannot happen for β = O(1),
. In this section we consider a more general set of orderings.
With β = O( γ 1 ) and q h = O( γ 2 ), the helical Grad-Shafranov equation in the core region
If the 2 x dP dΨ term of Eq. 52 is lower order than the LHS, then a boundary layer is needed to match the boundary condition Ψ = 0 on the wall. Thus, a boundary layer is needed if
We must also have γ 1 ≥ 0 (β ≤ O (1) Now suppose that there is a boundary layer of thickness δ = γ 3 . In the boundary layer, the helical Grad-Shafranov equation to lowest order in can be written
The LHS must be of equal or lower order than the 2 x dP dΨ term for the boundary layer solution to match the wall boundary condition. This requires
Using Eq. 53, we see γ 3 > 0. The integrand of the boundary layer current (Eq. 43) to lowest order can be written
It follows from γ 3 > 0 that the boundary layer current is too large to be balanced by the current in the core. To achieve zero net current, the two terms contributing to the boundary layer current in Eq. 56 must balance, requiring γ 2 = −γ 3 . Using Eq. 55, this leads to
Therefore, the net current in these types of equilibria cannot vanish for γ 1 < 1, that is, for β/ 1. We conclude that a helical equilibrium of the type we are studying cannot have zero net current if β h 1 and β/ 1.
The magnitude of the normalized net current in the boundary layer is determined by γ 3 .
Eqs. 53 and 55 imply that γ 3 > 0. γ 3 can approach 0, consistent with these constraints, if
We note that Ref. β approaching 30%) These stellarators have helical aspect ratio of order one, and they do not have β/ 1. The analysis of this paper has been done in the tightly wound limit, and does not address the existence of zero net current equilibria in loosely wound, helical axis stellarators having β = O(1) and larger helical aspect ratio.
V. DISCUSSION
In this paper we have studied a class of helical axis configurations having large helical aspect ratio, with the helix assumed to be tightly wound. In Section 4 we defined an average helical beta by analogy with the poloidal beta for an axisymmetric equilibrium. When β h 1, the equilibrium solutions for these configurations develop a narrow boundary layer of strongly compressed flux, similar to that which develops in large aspect ratio tokamaks when β p 1. The boundary layer is associated with a strong localized current.
In Section 3, we focused on the special case where β = O(1) and q h = O(1), obtaining an analytic solution for the equilibrium by a boundary layer analysis. In the core of the plasma (outer region) the flux surfaces collapse to cylindrical geometry. The boundary layer allows the flux surface shape to transition to that of the plasma boundary near the edge.
For conventional stellarator equilibrium solutions, the case of zero net current is of particular interest. The current density is given by Eq. 4. It might appear that, for m = 0, we should always be able to increase the magnitude of B h and adjust its profile to make the net current on each flux surface vanish. However, at high β, as we increase the magnitude of B h relative to that of ψ, the boundary layer becomes increasingly compressed, causing L(ψ) to increase correspondingly. At these high values of β, the L(ψ) contribution to the current always dominates.
We find that configurations of the type studied here cannot have zero net current when β h 1 and β/ 1. Smith, Figure 1 
